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1 Flersvarsfragor
(3 podng for rdtt svar, -1 poing for varje fel svar)
1. For att kontinuums hypotesen skall galla behover,
a Den fria molykeldramedelldngden (free mean path) maste vara
mycket storre &n de makroskopiska fordndringarna.

b Medellangdskalan maste vara storre &n de makroskopiska foréndringarna.

¢ Medellingdskalan méaste vara pasamma langdskala som den molekylara
lingdskalan.

d Den fria molykeldramedellingden (free mean path) maste vara
mycket mindre &n de makroskopiska forandringarna.

2. % = 0 ar en konsekvens av
a Rotationsfritt flode.
b Inkompressibelt flode.
¢ Isotermiskt flode.

d Tvadimensionellt flde.
3. Potentialflodesteori som anvander ett potentialfalt:
a kan anvéndas till tvaoch tredimensionella fléden med odndlig vor-
ticitet.
b kan anvéndas till tredimensionella friktionsfria fléden.
¢ kan anvindas till tvadimensionella viskosa granskickt.

d kan anvandas till tvadimensionella rotationsfria vortex floden.
4. Vilket av foljnade pastaenden ar inte sant:

a Spanningstensorn ar symmetrisk.
b Spanningstensorn kan bero paflédet vid en tidigare tidpunkt.

¢ Spanningstensorn och den symmetriska delen av deformationsten-
sorn (strain rate tensor) kan relateras for luft med en skalér.



d Spénningstensorn kan endast bero pa den symmetriska delen av
deformationstensorn.

5. Dynamisk likformighet
a kan anvéndas for att berikna tva olika och godtyckliga flddesproblem
pa samma sétt.
b kréver bara geometrisk likformighet vid randerna av fluiden.
¢ kraver bara att egenskaperna hos flodet ar skalade.
d kréver geometrisk likformighet och att egenskaperna hos flodet

ar skalde.

6. Vilket ar det storsta problemet, nér man forsoker losa turbulenta
floden analytiskt?
a Dynamisk likformighetsskalning haller inte per definition.
b Flodet ar inte stationédrt per definition.
¢ Flodet kan inte vara rotationsfritt per definition.
d Hastigheterna hos flodet ar for hoga for att 16sa.
7. Transportegenskaperna viskositet and termiskdiffusivitet kan inte vara
negativa, for att,
a Det kan byrta mot konserveringen av impuls.
b Det kan bryta mot konserveringen av inre energi.
¢ Det kan bryta mot entropiproduktionen.

d Det kan bryta mot kontinuutets principen.

2 (")ppna fragor

1. (20 podng) Borja fran Reynolds transportteorem,

r
a FdV = / OF v+ / FujngdA
dt Jy vy Ot A(t)

a Harled kontinuitetsekvationen genom att utnyttja att massan hos
en fluid partikel inte &ndras.

b Hérled Reynolds transportteorem for egenskapen f som forhaller
sig linjart till densiteten, F' = pf.



¢ Beakta kroppskraften pga gravitationen, pg;, och ytkraften pga
spanningarna, 7;n;, som verkar pa fluidpartikeln. Harled im-
pulsekvationen fran resultatet i b.

d Den generella Newtonska spanningstensorn kan skrivas som
2 _
Tij = —P5ij + 2H6ij — g,u (V . u) 51]
Anvénd detta och resultatet fran c for att harleda impulsekvatio-
nen for en inkompressibel fluid.

2. (19 poing) Givet foljande hastighetsfilt i cylindriska koordinater
Up = —, ug = Br, u, =0
r

dér A och B ar konstanter,

a Skriv ut skjuvspanningstensorn i polarcylindriska koordinater.
b Bestam vorticitetsvektorn i polarcylindriska koordinater.

¢ Berédkna cirkulationen I' runt en cirkel med radien » = 1 kring
origo.

3. (20 podng) Tankbilen i figur 1 innehaller vatten och komprimerad luft.
Den komprimerade luften ar reglerad sa att en jetstrale med vatten
flodar ut genom dysan med ett konstant volymflode Q). Jetstralens
diameter ar d och initialt ar den totala massan hos tankebilen M.
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Figure 1: Problem 6.

Bilen star initialt stilla pa horisontell mark.

a Valj en kontrollvolym som omger bilen och foljer med bilen. Skriv
ner kontinuitetsekvationen for detta system.

b Bortse fran friktionskrafter och skriv ner implusekvationen.



¢ Sok massan M and bilens hastighet W som en funktion av tiden.

4. (20 poing) Borja fran den inkompressibla Navier-Stokes ekvationer.

ou; ou; 1 9p 0?u;

E * i a.’Ej - —;81‘2 V&xjc?xj

a Hérled en ekvation for vorticiteten genom att ta rotationen (Vx)
av denna ekvation. Anvénd foljande samband:

€ijk€kim = 0i10jm — Oim0ji

Ui = —U — €ikU;W
]8xj 63:1 2 Cigktliv

P 2 . . .
dar u® = u;u;.

b Motivera den fysikaliska meningen av varje term i vorticitetsek-
vationen.

¢ Méangden av vorticitet i ett inkompressibelt flode, utan att ta
2 = wjw;, kallat enstropin. Ta
&-(vorticitetsekvationen) for att hitta transportekvationen for en-
stropin

hénsyn till riktning, méats av w

1,2

DQUJ

Dt

d Innerprodukten av hastigheten och vorticiteten H = wu,;w; kallas
helicitet. Den &r intressant for den forsvinner vid tvadimensionella

floden och kan anvdndas som en indikator om flodet ar tredimen-
sionellt.

= hogerled

Bilda en ekvation for H genom att ta ¢-(impulsekvationen) och
kombinera det med enstropiekvationen som du hérledde i ¢. Anvand
index notation i dina hérledningar.
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1 Multiple Choice Questions
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2 Open Questions

—_

. Reynolds Transport Theorem

a / Fadv = 6—de+ / Fuin;dA
dt Jy vy Ot A()

a Setting F' = p, we have

d
— pdV =10
dt V(t)

due to mass conservation. Using Reynolds transport theorem and
Gauss theorem we get

/%dv—l—/pumidA:O
v Ot A

op 0 B
/v {82& + oz, (pul)} dV =0

As the volume V is arbitrary, we finally get

aop 0 B




Setting F' = pf we have

d 0
G osav= [ Sonav+ [ prunas

= [ 50+ o o av

Using continuity equation we can rewritte the right hand side

dt/ pfdV = /{ + pu; f}dV

Now we can identify the material derivative of f times p as the
integrand on the right hand side, so
d
dt

| fdv = f SV

The momentum equation can be derived from the integral relation
for f found in b if we set f = w;:

D i
Ly = /pgidV—i-/TijnjdA
"Dt v "

Forces acting on a fluid particle

= / [pgi+a”j } %
Vv &rj

We can group all terms into a single volume integral on the left

hand side D 5
U; Tij
— pg; — dV =0
/v {p Dt ™ 3%l

As the integration volume is arbitrary, we finally get

Du; n 0Tij
P Dt PEi 8$]

Newtonian stress tensor becomes
2 .
Tij = —pdij + 2pei; — gp (V@) 5y

Incompresible
fluid



Substituting in the momentum equation ¢, we get

Dui

0
P ~ P8t o (=pdij + 2peij)

J

If we assume that temperature differences are small within the
fluid, p = constant, so

Du; __8p+ i Oui+3uj
Dt ~ P8 9w 0wy \ox; T O

As % = 0 for an incompressible fluid, we get

Duy . _Op O
P Dt = PEi 8%1 Maxjaxj

2. Velocity field in cylindrical coordinates

a From Appendix B we have:

€rr €rg €rs —A/r? 0 o0
e= |eg, egp e€p.| = 0 Alr? 0
C€axr €20 €2z 0 0 0

b The vorticity vector is:

Wy 0
w = | Wy = 0
W, 2B

¢ The circulation can easily be computed using Stokes’ theorem:

I‘:]{u-dl:/uwndA
A

I = 2Bnr? =[27B]

3. Applying integral forms to a finite region (tank car):
a Mass conservation for a control volume surrounding the car gives

dM (t)

g = MM = —pUseA




So, the rate of change of mass is equal to the mass flow leaving
the control volume. In terms of the volumetric rate Q = Uje A,
and A = md?/4, it can be rewritten as

dM
o -

b Momentum conservation (P = MW) requires that

dP(t)
Cdt

= Fthrust

Thus, the rate of change of momentum is equal to the thrust
necessary to move the car. This can be rewritten as

d(MW o Q?
AT = e = %
AMW)  4pQ>

dt  7wd?

¢ As @ is constant, mass conservation equation can be directly
integrated which gives

| M () = My — pQt|

Momentum equation can be rewritten by using mass conservation
equation,
dM dw Q?

el VAl
W + M= =r7

dW Q?
— — t = p=

PRW + (Mo — pQt) —- = p—~
then we can integrate both sides as

w AW’ _ Q/t dt’
o W+$% 7% )y My — pQV

w t
In (W’ + %) ‘0 =—In (M, — th') .

4



gathering terms and rearranging we can finally get a neat expres-

sion for velocity
_4Q pQL
W= <M0 - PQt>

4. Vorticity, enstrophy and helicity.

a Vorticity is defined as the curl of velocity, w; = eijkg%. We

8w1 _

should also keep in mind that = 0 for any flow, and 8“’ =0
as we are dealing with 1nc0mpresmble flow. Let’s analyse the curl

of each term in the Navier-Stokes equation:

O | Ou 1 Op Oy
Q]k&cj ot ! 0x; p Oz 0z ;0x;
~  ~—— ~—~ ——

I 11 111 v

Term I becomes

0 8uk 0 Ouy, Ow;
= — €iil.—— f—
Uk oa; ot )~ ot \ "% ox; ot
Term II is the most complicated. We need to use the second

identity to recast this term before taking the curl. Then we need
the first identity to contract indices

2
Cijk 0 8u,€ = eijkL (%UQ) —CijkCkim 4y 0 (ulwm)
0z (%J O0xj0xy, Ox;

curl of a gradient

0 0
=0 — 5ll6]m61' (Ulwm) + 6zm5]lax (
J J

ulwm)

(ulwm) + (Szmi

- 75“ axl

0
M (wwm)
8’LLZ‘ +u awi
8mm ! al'l

= —wm




Term III is straightforward

eijk% (;—i) =0 curl of a gradient

Term IV is

O (P [ O Puwi
9z, \omdz ) ~ 0mdz \“ oz, ) T omdm,

And substituting each term, we end up with

c%)i i &Ui 6uz i 82wi
- Ui —— v
ot J 8a:j 8xj 8xj

= wW;—
J .
0z

The two terms on the left hand side define the rate of change
of vorticity for a fluid particle, that is, the material derivative of
w. The first term on the right hand side represents the rate of
change of w due to stretching and tilting of vortex lines; and the
last term is the rate of viscous diffusion of vorticity.

By taking - (vorticity equation), the left hand side of the enstro-
phy equation becomes

Ow; Ow; 8%(»2 a%wQ
wig —l—wiu]'a—xj = W +uj8—xj
_ Dye?
Dt
The first term on the right hand side becomes
6ui -
wiwj%j = WiW;€yj;

where e;; is the strain rate tensor. We could rewrite the last term
in the enstrophy equation if we look at the second derivative of

w2,
o0 0 1 9 0 Gwi 8wi 8wi 82%»
A A \gW = — |\ Wim— | = —— Wi ———
awj &vj aLL‘j axj 895]- 8.73]‘ 8xj6xj
N——

Thus, the enstrophy equation is

D%w2 N 82%w2 Ow; Ow;
=wwjeji + vV—"——v
Dt R &vjaxj 8x]~ 83:]-




d The derivation of a transport equation for H = w,;w; is carried
out by taking J-(momentum equation). Terms on the left hand
side can be rewritten by using vorticity equation,

Qi 20 i) o) (O O
Yot Tom T ot YT ox; M\ ot T "o,
DH 8u2 62(4}2'

- Dt T (wja—fbj + Va$j8$j>
The first term on the right hand side becomes

dp  O(wip)

Wim— =
8%1‘ axi

And the last term in the helicity equation is rewritten in terms
of the second derivative of H

0 0 0 ( Ou; awi)

Ou; Ow; A% w; 0%u;

pu— 2—— . ? .
8.7}]‘ aLL‘j + Ui axjal‘j +wlal‘ja’1}j

cancels out with a
term on the LHS

Therefore, we finally get

DH 1 9(wip) ou; ?H Oou; Ow;
== 42— ——
8xj8:rj 8xj 81‘]’

Dt p Ox; iy 8—%




